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ABSTRACT 
We examine Lie algebras all of whose proper subalgebras are nilpotent-by- 
abelian but which themselves are not nilpotent-by-abelian. We st,udy the exis- 
tence and structure of these algebras. 
Let C be a class of Lie algebras other than abelian. A Lie algebra L is 
said to be almost C if all of the subalgebras of L except L itself belong 
to C. Note that some authors have used the terminology minimal non-C 
rather than almost C. If L is simple and every proper subalgebra is abelian, 
then we say L is simple semiabelian. (We reserve the phrase “L is almost 
a.belian” for a different class of algebras.) 
Simple semiabelian Lie algebras have been studied by Gein in [8] and [7], 
Farnsteiner in [5] and [6], Elduque in [a], and Varea in [18]. Almost nilpotent 
Lie algebras have been studied by Stitzinger in [la], Gein and Kuznecov in 
[!3], Towers in [15], and Farnsteiner in [4]. Al most supersolvable Lie algebras 
have been studied by Towers in [17] and Elduque and Varea in [3]. Finally, 
almost solvable Lie algebras have been studied by Towers in [17]. 
Let X and y be two classes of Lie algebras (not necessarily different). 
We say a Lie algebra L is X-by-Y if L has an ideal H E X such that 
L/H E y. The aim of this paper is to study the almost nilpotent-by- 
abelian Lie algebras. 
L,INEAR ALGEBRA AND ITS APPLICATIONS 247:159-167 (1996) 
Q Elsevier Science Inc., 1996 0024-3795/96/$15.00 
655 Avenue of the Americas, New York, NY 10010 SSDI 0024-3795(95)00097-B 
160 KEVINBOWMANAND DAVIDA.TOWERS 
Throughout this paper L will denote a finite-dimensional Lie algebra 
over a field F. Vector space direct sums will be denoted by @. We denote 
the subspace (respectively subalgebra) of L generated by ~1, . . . , zc, E L by 
@y=“=, Fxi (respectively by (XI,. . . , x,)). The Frattini subalgebra of L, de- 
noted by F(L), is the intersection of all the maximal subalgebras of L, 
and the Frattini ideal of L, denoted by 4(L), is the largest ideal of L con- 
tained in the Frattini subalgebra of L. If 4(L) = 0, we say L is &-free. 
If U and V are subsets of L, we shall write Cu(V) for {x E U : xu = 0 
for all II E V}. The center of L will be denoted by Z(L). Let x E L; 
then the adjoint mapping of x will be denoted by adlx. The derived al- 
gebra of L will be denoted by L2. We shall denote the finite field with q 
elements by F,. Standard results in the theory of Lie algebras are taken 
from [lo]. 
It is easy to see the following 
LEMMA 1. Let L be any Lie algebra. Then L is nilpotent-by-abelian if 
and only if L2 is nilpotent. 
It follows from standard Lie theory that there are no solvable almost 
nilpotent-by-abelian Lie algebras over fields of characteristic zero. We can 
now easily show 
THEOREM 2. Let L be any Lie algebra over a field F of characteristic 
zero. Then the following are equivalent: 
(i) L is almost nilpotent-by-abelian; 
(ii) L is simple semiabelian or else L = sla(F). 
Proof. Let L be almost nilpotent-by-abelian. By Levi’s theorem and 
the above remarks we see that L must be simple and every proper sub- 
algebra solvable. Consequently, by Theorem 2.2 of [17] and the remarks 
following it, we have that L is simple semiabelian or slz( F). It is easy to 
see that the converse is true. ??
We note that if F is algebraically closed of characteristic zero, then 
there are no simple semiabelian algebras, and if F is the real field, then 
there is only one: the three-dimensional nonsplit simple algebra (see [4]). 
For examples of simple semiabelian Lie algebras over more general fields 
see [ll]. 
We now turn to the case of characteristic p > 0. This situation is quite 
different from the characteristic zero case owing to the existence of solvable 
almost nilpotent-by-abelian algebras. A great many results that hold for 
solvable algebras over fields of characteristic zero hold for solvable algebras 
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with nilpotent derived algebra over arbitrary fields. This makes solvable 
almost nilpotent-by-abelian algebras extremely useful in trying to extend 
such results by using them as minimal counterexamples. As we shall see! 
they form a very interesting class of algebras. 
Obvious examples of solvable almost nilpotent-by-abelian algebras are 
solvable almost supersolvable algebras. In fact, there is a very close relation- 
ship between these two classes of algebras, and so we include the relevant 
structure of the latter type. This was given by Elduque and Varea in [3] as 
Theorem 1.2. Note that the notation has been altered slightly. 
THEOREM 3. Let L be a solvable, &free Lie algebra over an arbitraq 
field F such that the derived algebra, L2, is not nilpotent. Then L is almost 
supersolvable if and only if F has characteristic p > 0 and one of the 
.following holds: 
(i) L = (@Li Fei) $ Fs @ Fx with eix = (QI + i)e,, where cy is some 
fixed scalar in F, eis = ei+l (indices modulo p), sx = s, and all other 
products zero, with the condition F = {tr - t : t E F}. Moreover, 
two such algebras, corresponding to scalars LY and h, are isomorphic 
ifandonlyifcu-EEFP. 
(ii) L = (@:I: Fei) @ Fc @ Fs $ Fx with e;c = ezr e,s = ez+l for 
i = O,... ,p - 2, ep-1s = 0, eix = ie,_l for i = 0, 1, ,p - 1 and 
e-1 = 0, sx = c, and all other products zero. Also, F is a perfect 
field whenever p = 2. 
We now give the structure of certain solvable almost nilpotent-by-abelian 
algebras. 
THEOREM 4. Let L be solvable and $-free. Then L is almost nilpotent- 
by-abelian if and only if F has characteristic p > 0 and L = A @ B is 
a semidirect sum, where A is the unique minimal ideal of L, dim A > 2, 
A2 = 0, and either B = M @ Fx is a semidirect sum, where M C B 
is a minimal ideal of B such that M2 = 0 (type I), or B is the three- 
dimensional Heisenberg algebra (type II). Moreover, if p 2 3 then dim A is 
divisible by p. 
Proof. +: Suppose that L is &free and almost nilpotent-by-abelian. 
Then clearly we have char F = p > 0 by remarks following Lemma 1. Since 
L is &free, it follows from Theorem 7.3 of [14] that we have 
L = (AI CD.. CB A,) @ B, 
where Ai is a minimal abelian ideal of L for 1 5 i < n and B is a subalgebra 
of L. In particular, each Ai is an irreducible B-module and B2Ai E {Ai, 0) 
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for 1 5 i 5 n. Note that B2 is nilpotent and that 
L2=~AiB+B2C~Ai+B2. 
i=l i=l 
Consequently, the assumption B2Ai = 0 for 1 5 i 5 n implies that L2 
is nilpotent, a contradiction. We may thus assume that A1B2 = Al. This 
entails that (Al + B)’ = Al + B2 is not nilpotent. As a result Al + B is 
not nilpotent-by-abelian and therefore coincides with L. Hence L = A@ B, 
and A is the unique minimal ideal of L, because it is self-centralizing. 
Now let M be any maximal ideal of B that contains B2. Then A + M 
is an ideal of L strictly contained in L, and so (A + M)’ is nilpotent. Now 
let N(L) denote the nilradical of L. Then 
M2 C (A + M)’ C N(L) = A 
by Theorem 7.4 of [14], and so M2 = 0. Since B2 c M and B is solvable, 
M has codimension one in B. Thus B = M c?d Fx. 
Let C = CM(X). Since B2 # 0, C is properly contained in M. Let 1 c M 
be an ideal of B that is properly contained in M. Then A + I is an ideal 
of L, and so is AI = A(A + I). According to Lemma 1.4 of [16] we have 
CL(A) = A, implying AI = A whenever I # 0. 
Consider a proper ideal 0 # D c M of B. Then we have that AD = A 
and that Dx = DB c M is an ideal of B. Moreover, since A + D + 
Fx is a proper subalgebra of L, A+ Dx = (A+ D + Fx)’ is nilpotent. 
Consequently, A(Ds) # A, whence Dx = 0. 
Hence C is the unique largest ideal of B strictly contained in M. Now 
either C = 0 or C # 0. 
Suppose that C # 0. Let cl, . . . , cT be a basis for C and let y E M\C. 
Put sr = y, sz = yx, ss = (yx)x, s4 = ((yx)x)x, and so on. Now there 
exists an n > 1 such that cl,. . . , cT, ~1,. . . , s, are linearly independent but 
Cl,. . . ,G,sl,.'~,sn, s,+l are linearly dependent. Write 
Sri+++ = S,X = C + 2 XiSi 
i=l 
where c = CL, piei. Now (c, ~1,. , s,) = FC $ (@z, Fs~) is an ideal 
of B, by construction and because Fc @ (@y.“=, Fsi) C_ M. If c = 0 
then By=“=, Fsi c M. But (@b, Fs~)x # 0, since SIX # 0, which is 
a contradiction. Thus c # 0. Moreover [Fc @ (@y=, Fsi)]x # 0 and SO 
Fc @ (@y=“=, Fsi) = M. Hence r = 1 and C = Fc. 
We now claim that 4(B) = C. First note that 4(B) is a nilpotent ideal 
of B strictly contained in every maximal subalgebra of B, by Theorem 6.1 
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of 1141. So in particular 4(B) c M. Since the only ideals of B strictly 
contained in M are C and 0, we must have q+(B) C C. Moreover, C C Z(B) 
and 0 # B2 C M, so C C B2. Now Z(B) n B” C d(B) and so C C d(B). 
Hence 4(B) = C as claimed. 
Assume first that n = 1. If X1 # 0, then F(c+ Xlsl) is an ideal of B and 
which belongs to F(c + Xlsl). But Fc # F(c + Xlsl) c M, which is a 
contradiction. If X1 = 0, then 513: = c, and in this case B is the three- 
dimensional Heisenberg algebra. 
Assume now that n > 2. If X1 f 0 then 
K= &Si @F(c+Xlsl)@Fz 
( 1 i=2 
is a maximal subalgebra of B. Thus Fc c K, since Fc = 4(B). But Fc c K 
if and only if X1 = 0, which is a contradiction. If X1 = 0, then 
s,+1 = s,x = c + x2s2 + + XnS, 
Now let K = (@r=“=, Fs,) @ Fc @ Fx. Then K is a subalgebra of B. 
Moreover 
KB = K(M + Fx) c K, 
and so K is an ideal of B. Thus K” is an ideal of B. Now K’ c M, since 
sl # K”; thus K”x = 0 and so K2 = Fc or K” = 0. But clearly K” # 0, 
since c E K2 and c # 0; thus K” = Fc. However, A + K is an ideal of L, 
and so AK is an ideal of L contained in A. As A is self-centralizing, we 
have AK # 0, whence AK = A. Now A + K c L, and so (A + K)’ is 
nilpotent, and 
Also AC = A (by a similar argument to that above), and so we have 
(A + Fc)~ = AC = A. 
Thus A + Fc, and hence A + K2, is not nilpotent, which is a contradiction. 
If C = 0 then M is a minimal ideal of B, since any ideal of B properly 
contained in M is contained in C = 0. 
Also, since A is self-centralizing, it is a faithful B-module and we have 
an embedding B -+ EndF(A). Thus, (dim A)’ 2 dim B 2 2, proving that, 
dim A 2 2. 
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Finally, suppose that p > 3. We have that A is a faithful irreducible 
module for the solvable algebra B. Let F be the algebraic closure of F, and -- 
put B = B @F F, A = A @F F’. Then B is an x-module and decomposes 
into weight spaces 71 = @, &(B2) re a ive to B2, since B2 is nilpotent. 1 t’ 
Moreover, each weight space is a B-submodule, because B2 operates nilpo- 
tently on ??. Now suppose that &(B2) # 0. Then this implies that the 
Fitting null component of A relative to B2, Ao(B2), is nonzero. Thus, 
since Ao(B2) is a B-submodule of A, we have A = Ao( B2). However, B2 
operates on A by nilpotent transformations. Thus, by the Engel-Jacobson 
theorem, B”A = 0, a contradiction. Thus &(B’) = 0. 
Now let V be a B-composition factor of &(B’). If dimFV < p, then 
Lie’s theorem holds, and B operates on V by upper triangular matrices. 
As a result, B2 acts on V by nilpotent transformations. Since Q(Z) is the 
only eigenvalue of 5 E B2 on V, we obtain cr = 0. It now follows from 
Corollary 8.5 on p. 239 of [13] that p divides dimFV. Consequently, p 
divides dirn$i = dimpA. 
e: For the converse it suffices to show that every maximal subalgebra 
of L is such that its derived algebra is nilpotent. 
Let K c L be a maximal subalgebra. Then either K = B or K = A + N 
for a maximal subalgebra N C B. In particular, L is $-free. If L is of 
type I, then, using the fact that A4 is ad x-irreducible and M2 = 0, we see 
that N is abelian. For type II this follows directly. Consequently, K2 = B2 
or K2 2 A, implying that K is nilpotent-by-abelian. That completes the 
proof. ??
We shall refer to the algebras described in the above theorem as type I 
and type II respectively. 
It is well known that over algebraically closed fields, if L is a Lie algebra 
such that L2 is nilpotent, then L is supersolvable (see for example [l]). 
Thus we have the following 
THEOREM 5. Let L be a solvable almost nilpotent-by-abelian algebra 
over an algebraically closed field F. 
If L/4(L) is of type I then L/b(L) is of type I of Theorem 3. 
If L/4(L) is of type II then L/+(L) is of type II of Theorem 3. 
Proof. This follows easily from seeing that L2 is nilpotent if and only 
if (L/4(L))2 is nilpotent, by applying Theorem 2.5 of [l] and the above 
remarks. ??
This raises the question whether algebras of type I and type II are always 
almost supersolvable. This is not the case. Clearly we could always take 
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a basis and multiplication as given in Theorem 3 but choose a field which 
does not allow the algebra to be almost supersolvable. For type I take the 
field IF,. Then it is easily seen by Fermat’s little theorem that tP - t + 1 has 
no roots in F,. 
More interestingly, we can construct algebras of type I which have a 
different basis and multiplication from those of Theorem 3(i). We now give 
:such an example. 
Let L = (@=, IFsei) CD (@%, IFssi) CD IFsx over the field IFS. Put 
ezsl = -sle, = ei+l (indices modulo 3) for O<is2, 
eos:! = -s2e0 = 2eo + 2el + e2, els2 = --sael = eo + 2el + 2e2, 
e2s2 = -s2e2 = 2eo + el + 2e2, 
egx = --5e0 = eo, e15 = --5e1 = 2eo + e2, 
e2x = -x632 = 2eo + el + 2e2, 
SIX = -xs1 = s2, 525 = -x%92 = 2Sl, 
and all other products zero. Then L is solvable &free almost nilpotent-by- 
abelian but not almost supersolvable. 
Notice that in classifying all the algebras of type I we want to find all the 
non-equivalent irreducible representations of the algebra (@y=“=, Fs,) @ Fx 
with multiplication as described in Theorem 4. Recall the following result 
of Jacobson, which can be found as Theorem 2 on p. 205 of [lo]. 
THEOREM 6. Every finite-dimensional Lie algebra over a field of char- 
acteristic p > 0 has a faithful finite-dimensional representation which is not 
completely reducible and a faithful finite-dimensional completely reducible 
representation. 
This immediately gives us 
THEOREM 7. Let F be a field of characteristic p > 0. For each irre- 
ducible polynomial in F(t] there exists an algebra of type I. 
We now consider algebras of type II. If we choose L to have the same ba- 
sis and multiplication as in Theorem 3(ii), then L will be almost nilpotent- 
by-abelian but not almost supersolvable precisely when our field F has 
characteristic two and is nonperfect [for example, Fz(t), the field of ra- 
tional expressions in the indeterminate t over the field IF2]. However, over 
fields other than characteristic two there are type II algebras which are not 
almost supersolvable, as the following example shows. 
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Let L = (&, JFsei) @I IFss CB IFzc @ IFsx over the field IFS, where 
ei.S = -Sei = f?i+l (indices modulo 3) for 05i52, 
eic = -Cei = t?i for 0 5 i 5 2, sx = -xs = c, 
e0x = -xe0 = eo + el + e2, elx = -xel = 2eo + el + e2, 
e2x = -xe2 = eo + e2, 
and all other products zero. It can be checked that L is of type II. 
However, it is not almost supersolvable, since the minimum polyno- 
mial of adL~l(~:=~~~~~~) is t3 + 1, which does not split over TF3, and so 
(&, iF3ei) @ lF3x is a proper subalgebra of L which is not supersolvable. 
In classifying all the algebras of type II we want to know all the irre- 
ducible representations of the three-dimensional Heisenberg algebra. 
The authors are grateful to the referee for a number of helpful comments and 
simplications to proofs and for strengthening Theorem 4. 
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